The second-order approximation of the Chapman-Enskog method is considered for the Enskog-Landau kinetic equation. Exact expressions for the pair distribution function of the nonuniform hard-sphere system are presented up to the second order in gradients. A general equation for the second-order correction to the one-particle distribution function is obtained. Corresponding contributions to momentum and heat fluxes are found.
Introduction
Nonlinear processes in ionized dense gases and plasmas are a subject of both experimental and theoretical interest. Higher-order gradients of the local number density, temperature, and average velocity are characteristic of them. Moreover, the cross correlations between thermo-diffusion, viscous, and heat processes are important. Such processes can be investigated on the basis of kinetic equations within higher approximations on gradient expansions in the Chapman-Enskog method [1] .
Solving a kinetic equation by means of the Chapman-Enskog method, the oneparticle distribution function is searched as an expansion in gradients of the hydrodynamic quantities (number density, average velocity and temperature). As a rule consideration is restricted only to the first approximation for the one-particle distribution function. The first-order correction contains terms linear in the gradients of the hydrodynamic quantities. As a result one obtains the Navier-Stokes hydrodynamic equations.
The Chapman-Enskog method also permits to find the next corrections to the distribution function, which contain high-order gradients and gradient products. The second correction f 2 for the Boltzmann kinetic equation was considered by Burnett [1] and the second-order contributions to pressure tensor and heat flux vector were found. Finally, new transport equations, the so-called Burnett equations, were obtained.
The possibility of considering the second-order correction for the Enskog kinetic equation has been discussed by van Beijeren et al. [2] . The authors of this work showed that the usual Enskog equation does not properly take into account the second-order and higher terms, and this problem should be studied starting from the modified Enskog equation proposed by them.
Since the Enskog kinetic equation is more complicated in structure than the Boltzmann equation, the second-order correction to the one-particle distribution function may be expected to involve new terms, not arising in the case of the Boltzmann equation, and this is also true for the second-order contributions to the pressure tensor and heat flux vector. It is precisely these aspects that are the subject of our study.
We shall consider the second-order correction f 2 for the Enskog-Landau kinetic equation [3] in the framework of the Chapman-Enskog method. All the results for the modified Enskog equation can be obtained as a particular case.
In section 2 we present the Enskog-Landau kinetic equation for the one-component system of charged hard spheres, write down conservation laws obtained from this equation, and also give general expressions for momentum and heat fluxes. In section 3 the gradient expansion for the pair distribution function is considered and explicit second-order terms are calculated. The equations of various orders for the corrections to the one-particle distribution function are written in section 4. In section 5 we find the contributions of various orders to the fluxes. Some conclusive remarks are made in section 6.
Kinetic equation, conservation laws and fluxes
The Enskog-Landau kinetic equation was obtained from the BBGKY hierarchy of equations with modified boundary conditions in the pair collision approximation [3] . It describes a one-component system of charged hard spheres in a compensating field. The interparticle interaction potential consists of the short-range part (hard spheres) and the long-range tail (Coulomb interaction), and can be written as
where σ denotes the hard-sphere diameter, Φ t (r 21 ) = e 2 /r 21 . The Enskog-Landau kinetic equation is of the form:
, x 1 = {r 1 , v 1 }. The three terms in the right-hand side describe contributions due to both parts of the interaction potential Φ(r 21 ).
is the collision integral of the revised Enskog theory (RET) [2] ;σ indicates a unit vector, θ is the Heaviside step function, v 21 = v 2 − v 1 , g 2 is the pair distribution function, σ = σσ, primes on velocities denote postcollisional values.
wherer 21 = r 21 /r 21 , r 21 = |r 21 |, Φ ′ t (r 21 ) = dΦ t /dr 21 . I MF is the collision integral of the kinetic mean-field theory (KMFT) [4] , it is of the first order in the long-range part Φ t (r 21 ) of the interaction potential.
is the so-called Landau-like collision integral [3] , which is of the second order in the long-range part Φ t (r 21 ). Here, it is written in the simplified Boltzmann-like form within the approximation g 2 (r 1 , r 2 , t) → 1. This approximation is mathematically convenient only, but is not necessary. b is the impact parameter, ǫ is the azimuthal angle of scattering, v *
△v 21 are velocities of the particles 1 and 2 after the Coulomb scattering, where
is the change of the relative velocity vector v 21 associated with the Coulomb scattering of the particles, and m * = m 1 m 2 /(m 1 + m 2 ) = m/2 is the reduced mass. The local number density, average velocity, and temperature are defined by
where ρ(r 1 , t) = mn(r 1 , t). We can obtain conservation laws for these quantities from the kinetic equation (1) by multiplying it by ψ(v 1 ) = {1, mv 1 , mv 2 1 /2} and integrating over v 1 :
Expressions for the various types of contributions to the momentum and heat fluxes are given by P
where c 1 = v 1 − V ,
Hereŝ = s/s, n 2 (r 1 , r 2 ) = n(r 1 , t)n(r 2 , t)g 2 (r 1 , r 2 , t).
where
The kinetic (or streaming) contributions are denoted by the superscript k, the contribution arising from the I MF term (tail term) is denoted by the superscript t, and the superscript hs means the collisional contributions. I L does not contribute to the fluxes due to its Boltzmann-like form, but an additional long-range term arises in Ω-integrals because of I L .
Equations (5) and (6) are simplified, when ∂ t n and ∂ t V are eliminated. We obtain them in the form:
where P = P k + P hs + P t , P * = P k + P hs , and q = q k + q hs .
Gradient expansion of g 2
The pair distribution function g 2 in the collision integrals I E and I MF takes into account the full interaction potential (the hard-sphere part plus the long-range tail). Thus it is a functional of the local number density n(r, t) and the local temperature T (r, t) [5] . But we shall use for g 2 in our calculation the following approximation:
where g hs 2 (r 1 , r 2 |n) is the form assumed by g 2 for a hard-sphere system (i.e. for Φ t (r 21 ) ≡ 0) in inhomogeneous equilibrium with number density n(r, t). This is the so-called kinetic-variational theory approximation [4] . Thus g hs 2 (which however will be denoted further as g 2 ) is considered as a nonlocal functional of the local number density n(r, t) [2] . In this section we give the gradient expansion of g 2 up to the second order within the approximation (12). We shall present corresponding expressions in a general case for any mutual dispositions of particles 1 and 2.
Let r p , r q denote coordinates of centres of the particles 1 and 2, and we want to expand g 2 (r p , r q |n) in gradients calculated at position r e . We can write for g 2 a functional series: 
The parameter δ is formal. It denotes term orders in the gradient expansion. The functions H j are functional derivatives of g 2 with respect to n(r s ), n(r v ), and so on, evaluated at the uniform number density, which is equal to n(r e ).
We need explicit expressions for the terms in the right-hand side of equation (13). In [2] the term ∼ δ has been considered and found using symmetry properties of the function H 1 in a Cartesian frame of reference. But in general, it is convenient to consider the terms ∼ δ or ∼ δ 2 in a bipolar system of coordinates [6] with poles situated at the positions r p and r q . At first, it is necessary to write the terms of equation (13) in the bipolar system of coordinates, afterwards one should perform possible integrations and come back to the Cartesian frame of reference. In the appendix we give some calculation details of the next expressions. The terms g 
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(r qp r pe + r pe r qp ) + r pe r pe ] .
In equation (14) g eq 2 (r p , r q |n, r e ) is the equilibrium pair distribution function for the hard-sphere system with the uniform number density n being equal to the value of the local number density at position r e . The coefficients are defined by
where τ 0 , τ 2 , τ 3 are 'moments' of the function H 1 and in the Cartesian frame of reference they read: . The other two coefficients are:
The coefficients α 0 , α 2 , α 3 are 'moments' of H 2 which in the Cartesian frame of reference read: , but we have calculated it in a general case. Besides, it can be seen from equation (15) that when we expand g 2 in gradients calculated at the position r e = (r p + r q )/2, term g 1 2 vanishes. This is one of the results of [2] which establishes the equivalence between the usual Enskog equation and the modified equation when only the first-order terms are considered.
The g 2 2 is more complicated. The tensorial structure of both terms proportional to ∇ e ∇ e n and ∇ e n∇ e n turned out to be the same. We also have the explicit dependence of g 2 2 onr qp , which we shall need further in our particular calculations. In the table below we list quantities, for which formulae (14)
Now we want to compare the obtained formulae (14)-(16) for the functional g 2 with the corresponding formulae for the equilibrium pair distribution function g eq 2 of the hard-sphere system with a uniform number density, which equals the local number density n([r 1 + r 2 ]/2) in the point of contact of the particles
where r ce = r c −r e . Substituting r ce = r cp +r pe and the value of r c into equation (21) we get a gradient expansion for g eq 2 (r p , r q |n, r c ): g eq 2 (r p , r q |n, r c ) = 1 + δ ( 1 2 r qp + r pe )·∇ e n ∂ n + δ [r qp r pe +r pe r qp ] + r pe r pe : ∇ e ∇ e n∂ n + ∇ e n∇ e n∂ n ∂ n + . . . g eq 2 (r p , r q |n, r e ).
It can be seen that the discrepancy between equations (14)- (16) and (22) arises in the second-order terms. It lies in the distinction between the coefficients at the tensorr qprqp and there are additional terms with the unit tensor I in equation (16). The latter comment concerns numerical calculations. One can see that the firstorder correction for g 2 includes the usual derivative ∂ n g eq 2 , though it is known to be unnecessary for calculation of the transport coefficients [1] . By contrast to this case, to calculate the second-order contributions to P and q numerically, one needs not only to know the second derivative ∂ n ∂ n g eq 2 but also the first and the second functional derivatives of the functional g 2 (more precisely, their certain 'moments' are needed).
Expansion of collision integrals and equations of various orders
Before we apply the Chapman-Enskog method to the Enskog-Landau kinetic equation, we have to expand f in I E and n(r 2 , t) in I MF in space gradients:
and to substitute into the collision integrals. Also for g 2 in I E and I MF expressions (14)-(16) should be used with substitution of corresponding values of r p , r q , and r e in agreement with the table from the previous section. After that equation (1) becomes
where we use the following notations f 
equations (29)-(31) are calculated using expressions (14)- (16) 
Due to equations (32) and (34) I(f, f ) changes to:
Here, functions in all the terms are calculated at the same point r 1 of the space. For such a local form of the total collision integral (35) we can apply the ChapmanEnskog method.
In accordance with this method, the one-particle distribution function is searched in a form of the expansion
f 1 is the first-order correction linear in the gradients of n, V , and T ; f 2 is the secondorder correction. It consists of the terms which are proportional to the second-order gradients or to double products of the first-order gradients of n, V , and T . In order to obtain equations for f 0 , f 1 , f 2 , we write the kinetic equation (1) in the form
substitute equation (35) into its right-hand side, and collect coefficients at the same power of the parameter ε (the formal parameters ε and δ are of the same order). Equations for f j read:
The time derivative is known to be formally expanded in ε too:
is the solution to equation (38). The first correction, which should be sought from equation (39), was found in [7, 8] . It looks like f 1 = f 0 φ 1 , where
The functions A and B are expressed through Ω-integrals, which, however, besides the hard-sphere part, contain a contribution of the long-range tail Φ t (r 21 ).
The second correction f 2 should be sought from equation (40).
Contributions of various orders to P and q
Now we shall consider contributions of various orders to the momentum and heat fluxes. According to equation (36) they should be represented as
Kinetic parts are
In order to find the collisional contributions it is necessary to expand the function f 2 in equation (9) in λ and afterwards this expansion should be integrated over λ. Collecting terms of the same order with respect to the parameters ε and δ, we find:
σσ :
with The P t(j) contributions can be found similar to the collision ones, except that the function n 2 in equation (8) should be expanded and integrated:
∂ n τ 0 (s)ss .
Using expressions (46), (48) for F
and N
2 , one can find P hs(2) , q hs(2) , and P t(2) . The last term can be calculated at once, performing integration over orientations of s, whereas F (2) 2 contains the function φ 2 = f 2 /f 0 being unknown so far.
Conclusive remarks
So, considering the second-order approximation to the one-particle distribution function in the Chapman-Enskog method we have obtained the following results. We found the second-order term (16) of the gradient expansion for the pair distribution function in the approximation equation (12) 
1 through the gradients of these quantities using the following equations:
Transport coefficients κ, η, and λ (bulk and shear viscosities and thermal conductivity) depend on r 1 and t through n and T , whereas in the case of the Boltzmann kinetic equation κ is absent, and η and λ depend on temperature only. where r ij = r i − r j and the following equivalence has been taken into account: 
The second and third terms in the square brackets may be found using equation (59). To find the forth term, equation (58) 
where I is the unit tensor, and 
The function H 2 is even with respect to χ. Thus non-diagonal elements of the tensor (with sin χ) vanish. Equation (64) becomes similar to the previous case:
where the coefficients µ 2 , ν 2 may be expressed by equations (19) 
